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Abstract
The geometric picture of neutrino oscillations offers a unique way to study the quantum mechanics of this phe-
nomenon. In this picture, the propagation of a neutrino beam is described by a density matrix evolving in a state
space with non-trivial geometry. We derive explicit expressions of the mixed state geometric phase which arise during
such an evolution for both two and three flavor neutrino oscillations. We show that, in the case of two flavor neutrino
oscillations, the geometric phase is independent of the Majorana phase and it can be used as a measure of coherence
of the neutrino beam.
1. Introduction
The success of the theory of neutrino oscillations has
led to many studies exploring the intricacies associated
with this phenomena. In the standard plane wave treat-
ment, the neutrino flavor oscillations arise due to mix-
ing and interference between massive neutrino states.
A pictorial way to represent neutrino oscillations is in
terms of precession of spin-polarization vector in pres-
ence of an effective magnetic field [1, 2]. In particu-
lar, for the case of two-flavor oscillations, the polariza-
tion vector becomes three-dimensional and its preces-
sion can be easily visualized in both constant and time
varying magnetic fields, the magnitude and direction of
the magnetic field being specified by the Hamiltonian
governing neutrino propagation.
Quantum mechanically, such a precession can be un-
derstood in terms of evolution of the state vector in the
system’s Hilbert space. Such an evolution in the state
space with non-trivial geometry gives rise to geomet-
ric phase. Let H denote the Hilbert space and N de-
note the set of normalized states in H . The two vec-
tors |ψ1〉 , |ψ2〉 ∈ N represent the same physical state
if |ψ2〉 = eiφ |ψ1〉 where φ is real. The set of physical
states is called the projective Hilbert space and is the
ray space: P = N/U(1). If H has complex dimension
n, then P is a complex projective space of dimension
n−1, P = CPn−1. The projection map pi : N → Pmaps
each vector in N to its corresponding ray. The above
construction defines the principle fibre bundle picture
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of the state space [3]. The bundle space N consists
of three parts: the base manifold P, the fibre which is
group U(1) element attached to each point of the base
manifold, and the map pi : N → P. Now consider the
evolution of a normalized state |ψ(t)〉 : t ∈ [0, τ] . Let
the evolution is governed by Schrödinger equation, so
that the unitary evolution |ψ(0)〉 → |ψ(t)〉 = U(t) |ψ(0)〉
traces a curve C in N . The projection pi : |ψ(t)〉 →
|ψ(t)〉 〈ψ(t)| gives the corresponding curve pi(C) = C in
P. The evolution is cyclic if the curve C in closed i.e.
|ψ(τ)〉 〈ψ(τ)| = |ψ(0)〉 〈ψ(0)|. In this case the correspond-
ing curve C in the bundle space begins and ends on the
same fibre such that |ψ(τ)〉 = eiφT |ψ(0)〉, where φT is
the total phase acquired by the state during cyclic evo-
lution. Now, there can be infinitely many curves in N
which project to a given closed curve C in P. It was
shown in [4] that given a curve C in P, we can define
a functional of C called geometric phase which is inde-
pendent of φT and the curve C in the bundle space. The
geometric phase is simply obtained by subtracting the
dynamical phase from the total phase:
φG = arg{〈ψ(0)|U(τ)|ψ(0〉}
+i
∫ τ
0
dt 〈ψ(0)|U†(t)U˙(t)|ψ(0)〉 (1)
It can be shown that φG defined above is (i) gauge invari-
ant i.e. invariant under local phase transformations of
|ψ〉 and (ii) reparametrization invariant i.e. independent
of parameter t of C. Thus φG is independent of the dy-
namics of |ψ(t)〉 and is a geometric property of the curve
C in P. Also since |ψ(t)〉 need not be an eigenstate of
the Hamiltonian H(t), hence the condition of adiabatic-
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ity and cyclicity of H(t) are not required. Thus (1) gen-
eralizes the adiabatic Berry phase [5] to non-adiabatic
situations. The definition of geometric phase has further
been generalized to include non-cyclic and non-unitary
evolution [6–9], which has found numerous applications
in physics [10, 11].
Returning to two flavor neutrino oscillations, the
Hilbert space in this case is the two dimensional com-
plex space H = C2. The space of normalized states is
the unit sphere N = S 3. Thus the projective Hilbert
space is the complex projective line CP1 = S 3/U(1)
which is the Bloch Sphere S 2. The pure neutrino states
correspond to points on the surface of the Bloch sphere.
For the case of neutrino oscillations in vacuum or in a
medium with constant density, the cyclic evolution of
neutrino eigenstates produces a closed curve on S 2. The
resulting geometric phase is equal to the standard ex-
pression of one half the solid angle subtended by the
closed curve at the center of the sphere [12].
In the context of neutrinos various authors have de-
rived explicit expressions of geometric phase in differ-
ent settings, for example, neutrino oscillations in vac-
uum [13–16], neutrino oscillations in medium with or
without dissipation [17–23], neutrino spin-flavor oscil-
lations [12, 24–26] and neutrino self-interactions [27].
In all of the above cases the neutrino eigenstate under-
going evolution is considered as a pure state which can
be expressed as a coherent superposition of different
neutrino states. However, it has been shown that a neu-
trino produced in a charged-current interaction cannot
be described by a pure state [28]. The neutrinos pro-
duced in such a process are described by an incoherent
superposition which is essentially a mixed state.
In this present work we calculate the mixed state ge-
ometric phase for the case of neutrino oscillations in
vacuum using the gauge invariant formulation [29]. We
show that our expression of the mixed-state geometric
phase generalizes the previously obtained expressions
by various authors for both two and three flavor neutrino
oscillations. In Section 2, we describe the mixed state
geometric phase for unitary evolution. In Section 3, we
consider the two flavor case and derive explicit expres-
sion of mixed state geometric phase. We also compare
the obtained expression of geometric phase with that of
quantum coherence. In Section 4, we extend our cal-
culation to three flavor neutrino oscillations and finally
conclude in Section 5.
2. Mixed state geometric phase
The mixed states are mathematically represented by
density matrices which are convex sum of pure states
projection operators. The notion of geometric phase for
mixed state was first proposed by Uhlmann [30] using
a procedure known as purification, in which the mixed
state density matrix of the system is written as partial
trace of a pure state density matrix of an extended sys-
tem consisting of the system and an ancilla. An alter-
native definition of the mixed state geometric phase is
given by Sjöqvist et. al. [31] which is a direct gen-
eralization of the pure state geometric phase. While
Ulhmann’s formulation of geometric phase is based on
purely mathematical ground, the definition by Sjöqvist
et. al. has a physical interpretation in the context of
quantum interferometry [31–34]. For a given unitary
evolution, the above two approaches in general yield
different results for the mixed state geometric phase.
However, both of them reduce to the same expression
for the case of pure states [35, 36]. In this paper we fol-
low the approach formulated by Sjöqvist et. al. and its
subsequent gauge invariant generalization [29], since its
physical implications are more transparent in the con-
text of neutrino oscillations.
Consider a mixed state density matrix undergoing a
unitary evolution ρ(0) → ρ(t) = U(t)ρ(0)U†(t) which
produces a curve Γ : t ∈ [0, τ] in the space of density
operators. Let initial density matrix has the diagonal
form
ρ(0) =
N∑
k=1
wk |k〉 〈k| , (2)
where N is the dimension of the Hilbert space. Then
unitarily evolved density matrix can be expressed as
ρ(t) =
N∑
k=1
wk |k(t)〉 〈k(t)| , (3)
where |k(t)〉 = U(t) |k〉. The phase shift acquired by ρ(t)
relative to ρ(0) is given by [31]
γT = arg
{
Tr
[U(τ)ρ(0)]} = arg { N∑
k=1
wk 〈k|k(τ)〉
}
. (4)
The above formula can be verified by analyzing the
interference pattern in a Mach-Zehnder interferometer
where the input beam is the mixed state (2). After split-
ting the beam, one arm of the interferometer is exposed
to a variable U(1) phase shift eiχ and the other arm
to the unitary operator U(t). On recombining the two
beams, the output intensity shows the following inter-
ference profile [31]:
I = 2
(
1+|Tr[U(t)ρ(0)]| cos (χ−arg Tr[U(t)ρ(0)])). (5)
The above interference pattern clearly shows that (4)
correctly describes the relative phase shifts between
2
ρ(0) and ρ(t). In addition, several experimental tests
have confirmed the validity of (4) (see [34] for refer-
ences).
The dynamical phase for the mixed state can be de-
fined as as the time integral of the average of Hamilto-
nian H(t)
γD = −
∫ τ
0
dtTr
[
ρ(t)H(t)
]
= − i
∫ τ
0
dtTr
[
ρ(0)U(t)†U˙(t)]. (6)
The geometric phase in this case, however, cannot be
simply obtained by subtracting accumulated phase (6)
from the total relative phase (4) due to the weight factors
appearing in the two terms. To circumvent the issue,
one defines the notion of parallel transport in which the
dynamical phase (6) vanishes identically and thus the
phase acquired by the mixed state during evolution is
purely geometric. This can be done by requiring ρ(t)
and ρ(t+dt) to be in phase, which leads to the condition
[31]
Tr
[
ρ(t)U˙(t)U(t)†] = 0. (7)
However, the condition (7) is not sufficient and a
stronger condition is required, in which each eigenstate
of the density matrix is parallel transported [31]:
〈k|U(t)†U˙(t)|k〉 = 0, k = 1, 2, ...,N. (8)
It has been shown that one can incorporate the above
conditions in a gauge invariant functional which de-
pends only on the curve Γ and has the following form
[29]:
γG = arg
{∑
k
wk 〈k|k(τ)〉 exp
(
−
∫ τ
0
dt 〈k(t)|k˙(t)〉
)}
.
(9)
It can seen that imposing the parallel transport condi-
tions (8), the above expression reduces to the total phase
(4). Also, for the case of pure states undergoing cyclic
evolution, (9) reduces to the geometric phase (1). Thus
(9) provides a gauge invariant expression for the mixed
state geometric phase.
3. Two flavor neutrino oscillations
The case of two flavor neutrino oscillations gives us
a useful toy model to study the important quantum me-
chanical features of the phenomenon. In this case the
space of mixed states is the unit ball in R3, also called
as Bloch ball. Pure neutrino states lie on the extremal
points of the Bloch ball, which correspond to the Bloch
sphere S 2. Thus a general mixed state can be repre-
sented as a point in the interior of the Bloch sphere.
As the neutrinos undergo flavor oscillations, the unitary
evolution of the mixed state traces a curve on a spherical
shell with radius equal to length of the initial polariza-
tion vector. Due to non-trivial geometry of the underly-
ing state space the above curve gives rise to geometric
phase which can be calculated using (9).
To this end, we consider a beam of neutrinos char-
acterized by the following density matrix in the flavor
basis
ρˆ =
∑
α=e,µ
wα |να〉 〈να| , (10)
where wα is the initial statistical weight of the flavor
state |να〉, such that ∑α wα = 1. The density matrix
(10) describes an incoherent mixture of different neu-
trino flavors, which are generated in a single or multiple
weak interaction processes[28, 37]. The flavor states are
related to mass eigenstates via unitary transformation
|να〉 =
∑
i=1,2
U∗αi |νi〉 , (11)
where U is called mixing matrix. For vacuum oscilla-
tions, |νi〉 are the eigenstates of the propagation Hamil-
tonian with energy eigenvalue Ei =
√
p2i + m
2
i , where
pi and mi represent the momentum and mass of the ith
mass eigenstate. The mixing matrix, for the case of two
flavor oscillations in vacuum, can be expressed as
U =
(
cos θ eiφ sin θ
−e−iφ sin θ cos θ
)
, (12)
where θ is the vacuum mixing angle and φ is the Ma-
jorana phase which leads to CP(charge-conjugation and
parity)-violation. In the standard plane wave approx-
imation, the Schrödinger evolution of the mass eigen-
states is given by
|νi(x, t)〉 = e−iEit+ipix |νi〉 , (13)
where the space-time interval (x, t) is the separation be-
tween the propagation and production point, and we
have written |νi(0, 0)〉 as |νi〉 for brevity. For the case
of ultra-relativistic neutrinos, one can employ the ap-
proximation x ≈ t, under which (13) becomes
|νi(t)〉 = e−im2i t/2E |νi〉 , (14)
where E represents the neutrino energy obtained after
neglecting the mass contributions. Thus the time evolu-
tion of the flavor states (11) can be written as
|να(t)〉 =
∑
i
U∗αie
−im2i t/2E |νi〉 , (15)
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The amplitude of να → νβ transition can now be ob-
tained using (11) and (15)
ψαβ(t) = 〈νβ|να(t)〉 =
∑
i
U∗αiUβie
−im2i t/2E . (16)
The initial state of the neutrino beam is described by the
density matrix
ρ(0) =
(
we 0
0 wµ
)
. (17)
As the beam propagates in space, the state undergoes a
unitary evolution ρ(t) = U(t)ρ(0)U(t)†, where U(t) is
the unitary evolution operator given by
U(t) =
(
ψee(t) ψµe(t)
ψeµ(t) ψµµ(t)
)
. (18)
The density matrix at time t we can be written using (17)
and (18)
ρ(t) =
(
we|ψee(t)|2 + wµ|ψµe(t)|2 (we − wµ)ψee(t)ψ∗eµ(t)
(we − wµ)ψ∗ee(t)ψeµ(t) we|ψeµ(t)|2 + wµ|ψµµ(t)|2
)
,
(19)
where we have used the unitarity relation
ψeeψ
∗
eµ = −ψµeψ∗µµ. (20)
The explicit form of the transition amplitudes can be
obtained using (12) and (16) :
ψee(t) =eiωpt/2 cos2 θ + e−iωpt/2 sin2 θ,
ψeµ(t) = − e−iφ(eiωpt/2 − e−iωpt/2) sin θ cos θ,
ψµe(t) = − eiφ(eiωpt/2 − e−iωpt/2) sin θ cos θ,
ψµµ(t) =eiωpt/2 sin2 θ + e−iωpt/2 cos2 θ, (21)
where ωp = ∆m2/2E, ∆m2 = m22 − m21 being the mass-
squared difference. ωp can be physically interpreted as a
precession frequency. To see this, consider the neutrino
Hamiltonian in the flavor basis
H f =
∆m2
4E
(− cos 2θ sin 2θ
sin 2θ cos 2θ
)
=
ωp
2
B · σ, (22)
where B = (sin 2θ, 0,− cos 2θ) and σ are the Pauli ma-
trices. An equivalent way to express (21) is in the fol-
lowing form [38]:
ρ(t) =
1
2
(
1 + P(t) · σ), (23)
where P = (Px, Py, Pz) is called polarization vector. The
evolution of density matrix is given by von Neumann
equation:
i
dρ
dt
=
[
H f , ρ
]
. (24)
For the given Hamiltonian (22) and density matrix (23),
we obtain
dP
dt
= ωp
(
B × P). (25)
The geometric interpretation of neutrino oscillations can
now be clearly seen from (22) and (25). Specifically,
(25) represents the precession of polarization vector P
around a magnetic field B, with precession frequency
ωp. The initial value of polarization vector can be ob-
tained by comparing (17) and (23), P(0) = (0, 0,we −
wµ). For the case of pure neutrino states we = 1(0) and
wµ = 0(1). In this case we have Pz = ±1. Thus the
neutrino states corresponds to points on the unit sphere
S 2, νe and νµ being the antipodal points. In addition,
(25) shows that for constant B, the length of the polar-
ization vector remains unchanged. Thus the precession
of the polarization vector will trace a curve on the Bloch
sphere. The geometric phase associated with this curve
has been calculated for both cyclic [13] and non-cyclic
[14] cases.
Now, the general incoherent mixture of neutrino fla-
vor states is described by polarization vector with length
less than unity. However, (25) still remains applicable,
which implies that during precession the initial length,
given by Pz(0) = we −wµ, remains unchanged. The pre-
cession of the component Pz(t), which is related to the
transition probabilities, can be obtained by comparing
(19) and (23)
Pz(t) =
(
we − wµ)( − 1 + 2|ψee(t)|2). (26)
The precession equations for Px(t) and Py(t) can be ob-
tained in a similar manner. Geometrically, the preces-
sion can be visualized as being described by a cone of
length Pz(0) with axis along B and opening angle 2θ.
Thus such a precession will trace a curve Γ on a spheri-
cal shell with radius Pz(0). To evaluate geometric phase
in this case, we first note that the initial density matrix
(17) is diagonal, so its eigenvectors are simply given by
:
|e1〉 =
(
1
0
)
, |e2〉 =
(
0
1
)
, (27)
The eigenvectors of density matrix (19) can now be ob-
tained using |ei(t)〉 = U(t) |ei〉 ; i = 1, 2, which gives
|e1(t)〉 =
(
ψee(t)
ψeµ(t)
)
, |e2(t)〉 =
(
ψµe(t)
ψµµ(t)
)
, (28)
Now using expression (9), we obtain the following form
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for the geometric phase:
γG = arg
{
weψee(τ) exp
(
−
∫ τ
0
dt
(
ψ∗ee(t)ψ˙ee(t) + ψ
∗
eµ(t)ψ˙eµ(t)
))
+ wµψµµ(τ) exp
(
−
∫ τ
0
dt
(
ψ∗µe(t)ψ˙µe(t) + ψ
∗
µµ(t)ψ˙µµ(t)
)}
(29)
Substituting the explicit values of probability ampli-
tudes from (21), we obtain
γG = arg
{
we
(
eiωpτ/2 cos2 θ + e−iωpτ/2 sin2 θ
)
e−iωpτ cos 2θ/2
+wµ
(
eiωpτ/2 sin2 θ + e−iωpτ/2 cos2 θ
)
eiωpτ cos 2θ/2)
}
(30)
Finally after rearranging the terms,
we can write this equation as
γG = tan−1
( (we − wµ)( − tan (ωpτ cos 2θ/2) + cos 2θ tan (ωpτ/2))
1 + cos 2θ tan
(
ωpτ/2
)
tan
(
ωpτ cos 2θ/2
) ). (31)
The above expression constitute the central result of
the paper. An important point to observe in (31) is that
it is independent of the Majorana phase φ. Thus the
mixed state geometric phase for two flavor neutrino os-
cillations does not distinguish between Dirac and Majo-
rana neutrinos. Since the geometric phase depends only
on the curve Γ, during the evolution both Dirac and Ma-
jorana neutrino flavor states trace the same curve in the
space of density operators, despite having different evo-
lutions in the Hilbert space.
It can be shown that for pure neutrino states the geo-
metric phase (31) reduces to earlier obtained results by
various authors.
(i) Noncyclic geometric phase. Consider the evolution
of state |νe〉, for which we = 1 and wµ = 0. Substituting
these weight factors in (31), we obtain
γPG = −
ωpτ
2
cos 2θ + tan−1
(
cos 2θ tan
ωpτ
2
)
. (32)
This is the noncyclic geometric phase for the pure flavor
state |νe〉 as obtained in Ref. [14].
(ii) Aharonov-Anandan phase. Let us now consider the
cyclic evolution of the mixed state which corresponds
to τ = 2pi/ωp. In this case (31) becomes
γAAG = tan
−1 ((we − wµ) tan (Ω/2)), (33)
where Ω = 2pi(1 − cos θ) is the solid angle subtended
by the curve Γ at the center of the sphere. For the pure
neutrino states, we obtain the expression
γAAG = ±pi(1 − cos θ), (34)
where positive and negative signs correspond to |νe〉 and
|νµ〉 respectively. The expression (34) is the Aharonov-
Anandan phase obtained in Ref. [13].
(iii) Neutrino propagation in non-dissipative matter. In
presence of a medium, the neutrino oscillation param-
eters are modified due to coherent forward scattering
of the neutrinos with the background particles. If the
medium has constant density, the modification is of the
form : θ → θm and ∆m2 → ∆m2m, where θm and ∆m2m
are mixing angle and mass-squared difference in the
medium. The cyclic geometric phase (34) in this case
becomes
γAAG = ±pi
(
1 − cos θm) = ±pi[1 − cos θ − V√
1 − 2V cos θ + V2
]
,
(35)
where V = 2EVcc/∆m2, Vcc being the charged-current
potential. Thus we obtain the result derived in Ref.[20]
for neutrino geometric phase in dissipation-less matter.
3.1. Geometric phase versus quantum coherence
The study of coherence properties of neutrino beams
can offer useful insights about the neutrino propaga-
tion in a medium [39, 40]. The form of (31) shows
explicit dependence of geometric phase on the quan-
tity we − wµ, which is the relative amount of νe and νµ
neutrinos present in the beam. For a maximally inco-
herent beam in which we = wµ, the geometric phase
(31) vanishes. Thus the expression (31) carries the in-
formation about the coherence content of the neutrino
beam. Recently, quantum coherence in neutrino oscil-
lations has been studied using tools from quantum in-
formation theory [41], wherein coherence is quantified
using the l1−norm:
C(ρ) =
1
d − 1
∑
k, j
k, j
|ρk, j|, (36)
5
γG
C(ρ)
-1.0 -0.5 0.0 0.5 1.0-1.5
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Figure 1: Comparison of mixed state geometric phase (31) and
quantum coherence (37) with respect to coherence parameter we−wµ.
The neutrino oscillation parameters are taken as: ∆m2 = 2.5 × 10−3
eV2, θ = 48.6°, L/E = 520 (km/GeV).
where ρˆ is d × d representation of the density matrix
of the system in a given basis. In our case, using the
expression (19) for the density matrix, we have
C(ρ) =2|(we − wµ)||ψeeψeµ|
=2|(we − wµ)|| sin 2θ sin(ωpt/2)|
|(1 − sin2 2θ sin2(ωpt/2))1/2|. (37)
Comparing (37) with the expression of geometric phase
(19), we see that both the quantities are sensitive to the
factor we − wµ, which defines the coherence content of
the neutrino beam. In Figure 1 we plot the two quanti-
ties as a function of we − wµ for typical oscillation pa-
rameters. It can be clearly seen that as the neutrino beam
becomes more coherent, both geometric phase (31) and
quantum coherence (37) reach their respective maxi-
mum values. Also, for completely incoherent beam they
both vanish. Thus both quantities contain information
about the quantumness of the neutrino beam and can
be considered as a measure of coherence for two-flavor
neutrino oscillations..
4. Three flavor oscillations
Let us now consider the case of three flavor neu-
trino oscillations. In this case the geometric picture of
neutrino oscillations involves precession of an eight di-
mensional polarization vector around a magnetic field
[42]. The space of density operators correspond to
SU(3)/(U(1)×U(1)), when the density matrix has non-
degenerate eigenvalues [43]. Even though pictorial rep-
resentation is too complicated to visualize for three fla-
vor oscillations, most of the mathematical expressions
admit a straightforward generalization of the results in
the preceding section.
The neutrino beam is described by initial density ma-
trix
ρ(0) = Diag(we,wµ,wτ). (38)
The evolution of neutrino flavor states is governed by
the unitary operator
U(t) =
ψee(t) ψµe(t) ψτe(t)ψeµ(t) ψµµ(t) ψτµ(t)
ψeτ(t) ψµτ(t) ψττ(t)
 , (39)
where the transition amplitudes are given by
ψαβ(t) =
∑
i
U∗αiUβie
−iEit, (40)
where Ei = m2i /2E; i = 1, 2, 3. For the mixing ma-
trix U, we assume the standard Dirac parametrization
with three mixing angles θ12, θ13, θ23 and a CP-violating
phase δ (see Eq.(6.191) in [37]). The time evolved den-
sity matrix ρ(t) = U(t)ρ(0)U†(t) can now be written as
ρ(t) =
∑
α=e,µ,τ
wα
ψαe(t)ψαµ(t)
ψατ(t)
 (ψ∗αe(t) ψ∗αµ(t) ψ∗ατ(t)) ,
(41)
where |eα〉 = (ψαe ψαµ ψατ)T , α = e, µ, τ are the eigen-
vectors of ρ. The geometric phase can now be obtained
from (9):
γG = arg
{ ∑
α=e,µ,τ
wαψαα(τ) exp
(
−
∫ τ
0
dt
∑
β=e,µ,τ
ψ∗αβ(t)ψ˙αβ(t)
)}
,
(42)
which is a simple generalization of (29). However it
is too complicated to write (42) in a form analogous to
(31). A relatively simpler expression can be obtained
for pure states. Let us consider the geometric phase for
|νe〉, for which (42) reduce to
γPG = arg
{
ψee(τ) exp
(
−
∫ τ
0
dt
∑
β=e,µ,τ
ψ∗eβ(t)ψ˙eβ(t)
)}
.
(43)
Substituting ψαβ from (40), we obtain the following ex-
pression:
γPG = tan
−1 cos 2θ12 cos
2 θ13 sin ξτ − sin2 θ13 sin ((2q − 1)ξτ)
cos2 θ13 cos ξτ + sin2 θ13 cos
(
(2q − 1)ξτ)
+
(
2 sin2 θ12 cos2 θ13 + 2q sin2 θ13 − 1)ξτ, (44)
where ξ = (E2 − E1)/2 = ∆m221/4E and q = (E3 −
E1)/(E2 − E1) = ∆m231/∆m221. The above expression
matches the pure state geometric phase for |νe〉 de-
rived in [14]. Note that (44) is independent of the CP-
violating phase δ. However, it can be shown that the
pure state geometric phases for |νµ〉 and |ντ〉 include
non-trivial dependence on δ.
6
5. Conclusions
Neutrino oscillations represents a phenomenon in
which quantum mechanical effects are observed at long
distance scales. This provides us the opportunity to
study the quantum mechanical features of this system
such as geometric phase and quantum coherence in a
unique manner. In particular, the appearance of geo-
metric phases in neutrino oscillations have been pointed
out in several previous studies. However, all of them
consider the case of pure neutrino states, which cannot
be realized in a typical scenario.
In this work, we consider the more general case of
an incoherent beam of neutrinos, and derive the expres-
sions for geometric phase in both two flavor and three
flavor models. We discussed the geometry of the state
space of neutrino oscillations and its connection with
the appearance of a geometric phase. For two flavor
oscillations, the geometric phase is shown to be inde-
pendent of the Majorana phase, however for three fla-
vor oscillations the geometric phase shows non-trivial
dependence on the CP-violating phase. We also show
that our results generalize the previously obtained ex-
pressions of the pure state geometric phase for neutrino
oscillations in vacuum and in non-dissipative matter. In
addition, the comparison between geometric phase and
information-theoretic quantum coherence is also high-
lighted.
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